Background {#Sec1}
==========

Electromagnetically induced transparency (EIT) has been theoretically introduced by Kocharovskaya and Khanin ([@CR17]) and experimentally observed, by Harris et al. ([@CR10]) and Harris ([@CR9]). Recently, many authors have been interested in studying EIT and its applications (Sargsyan et al. [@CR29]; Hong-Wei and Xian-Wu [@CR11]; Marangos [@CR20]; Deng and Payne [@CR6]; Chenguang and Zhang [@CR4]; Jafari et al. [@CR13]; Sahrai et al. [@CR28]; Rabiei et al. [@CR24]; Sahrai et al. [@CR26], [@CR27]). EIT is widely studied for different systems, e.g. V, Λ and cascade three-level atoms (Olson and Mayer [@CR22]; Fleischhauer et al. [@CR7]; Lazoudis et al. [@CR18], [@CR19]) and many other atoms with more levels (Bai et al. [@CR2]; Joshi and Xiao [@CR15]). Many alkali atoms, e.g., Rydberg Rubidium atom, have been also experimentally used (Petrosyan et al. [@CR23]; Wang et al. [@CR34]). Properties of the electromagnetic fields interacting with a three-level Λ-type atom were studied in the semi-classical (Kocharovskaya and Khanin [@CR17]; Harris et al. [@CR10]; Harris [@CR9]; Scully and Zubairy [@CR31]; Dantan et al. [@CR5]) and full-quantum (Wang et al. [@CR33]; Akamatsu et al. [@CR1]; Johnsson and Fleischhauer [@CR14]) models by a weak field approximation (WFA) method. In WFA the possibility of research on the small intensity of coupling field disappears because the coupling field should have larger intensity compare to the probe field to establish approximation. The authors of this paper presented an exact analytical solution for multilevel systems that interact with the probe and quantized coupling fields (which is also applied for small intensity of coupling field) (Khademi et al. [@CR16]). The EIT with the quantized fields in opto-cavity mechanics is another example for the full-quantum approach which is studied by Huang and Agarwal ([@CR12]). The destructive detection of photons has been investigated theoretically and experimentally. But non-demolition detection of photons (Braginsky and Khalili [@CR3]) has until now been an interesting ultimate goal of some optical measurement methods (Grangier et al. [@CR8]). In 2012, Serge Haroche and coworkers have been shown (Sayrin et al. [@CR30]) that interaction of microwave photons, trapped in a superconducting cavity, with Rydberg atoms crossing the cavity, illustrates a non-demolition photon counting. In 2013, Andreas Raiser (Raiser et al. [@CR25]) presents another method for non-demolition detection of photons which are passing through a superconductive cavity resonator that includes rubidium atoms. Haroche et al. (Sayrin et al. [@CR30]) and Naeimi et al. ([@CR21]) investigated a photon counting and squeezing parameter measurement (for photons trapped in a quantum cavity) by measure the properties of a beam of atoms interacted with an array of cavities. But photon counting by measure the properties of another photons (or field) which are passing through the cavity, have never been investigated to our best of knowledge. In this paper, we present an exact analytical non-demolition photon counting method (for photons inside a cavity) by investigating the absorption profile of probe field. A full-quantum model of EIT is investigated for an ensemble of Λ-type three-level atoms, in which the probe and coupling fields are quantize. Interaction of a Λ-type three-level atom with the quantized electromagnetic fields is investigated using the Jaynes--Cummings model (Khademi et al. [@CR16]). The Jaynes--Cummings interaction Hamiltonian is applied for each of the coupled levels. In this case, the exact master equations are investigated and solved in a steady-state without any WFA (Khademi et al. [@CR16]). An exact form of absorption and dispersion spectra are obtained for the probe fields which are not generally weaker than the coupling field. It is shown that the EIT obtained for the probe fields is either weaker or stronger than that of the coupling field.

Moreover, profile of the absorption and dispersion spectra are shown to depend on the number of coupling photons so that the number of coupling photons could be measured using the absorption spectrum of the probe photons. This scheme is applied for the presentation of a non-demolition photon counting method. The present method is applied to the squeezed coupling photons. Straightforwardly, it is shown that the exact absorption and dispersion spectra drastically depended on squeezing parameter of the coupling photons. This scheme is also applied for presenting measurement of the squeezing parameter.

In "[A review on the exact model](#Sec2){ref-type="sec"}" section, a review on the exact model of the full-quantum interaction of quantized electromagnetic fields with a Λ-type three-level atom will be presented. More details are found in reference (Khademi et al. [@CR16]). The master equations in the steady-state, their exact solutions, a schematic experimental setup and notations are also introduced. "[Photon counting by an ensemble of Λ-type three-level atom](#Sec3){ref-type="sec"}" section is devoted to a photon counting method in terms of the measurement of absorption spectrum. In "[Measuring squeezing of trapped coupling photons](#Sec4){ref-type="sec"}" section, the exact probe coherence term is obtained where the coupling photons are squeezed. It is shown that the squeezing parameter is also measurable by the measurement of absorption and dispersion spectrum. The last section is devoted to the "[Conclusions](#Sec5){ref-type="sec"}".

A review on the exact model {#Sec2}
===========================

In this section a review on the exact model of a three-level Λ-type atom interacting with two quantized electromagnetic field (Khademi et al. [@CR16]) is presented. The master equations, notations, experimental setup and some solutions and results are used in the next sections.

Suppose that, in cavity quantum electrodynamics, the quantized probe and coupling fields (photons) interact with a three-level Λ-type atom (see Fig. [1](#Fig1){ref-type="fig"}a). The interaction Hamiltonian of this system in the interaction picture is given by: $$\documentclass[12pt]{minimal}
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An ensemble of cold three-level atoms is prepared by an optical pumping initially in the state $\documentclass[12pt]{minimal}
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The master Eqs. ([2](#Equ2){ref-type=""})--([7](#Equ7){ref-type=""}) are exactly solved in the steady-state to obtain the exact coherence term $\documentclass[12pt]{minimal}
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In the next section, a photon counting method based on the exact form of absorption spectrum of the probe field, which is derived from Eq. ([17](#Equ17){ref-type=""}), is presented.

Photon counting by an ensemble of Λ-type three-level atom {#Sec3}
=========================================================

In this section, a non-demolition photon counting method is presented for measuring the number of coupling photons which are trapped in a quantum cavity and interact with an ensemble of three-level **Λ**-type atoms.

It is worthwhile to estimate the number of probe photons which is required to determine the probe absorption peak. As an example, the cavity field decay rate can be estimated as $\documentclass[12pt]{minimal}
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It is clear in Eqs. ([8](#Equ8){ref-type=""})--([17](#Equ17){ref-type=""}) and Fig. [2](#Fig2){ref-type="fig"} that the profile and the probe DAP in the absorption spectrum depend on the number of coupling photons. The derivative of the imaginary part of the coherence term, Eq. ([17](#Equ17){ref-type=""}), with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta_{1}$$\end{document}$ can be set to zero:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{d}{{d\Delta_{1} }}\text{Im} [\tilde{\rho }_{ab} ] = 0,$$\end{document}$$to obtain the DAP $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta_{1} (n_{2} ) = \Delta_{1Max.Abs.} .$$\end{document}$ DAPs are nonlinearly increased by the number of coupling photons $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_{2}$$\end{document}$, as plotted in Fig. [3](#Fig3){ref-type="fig"}a--c for large and small numbers of coupling photons. Figure [3](#Fig3){ref-type="fig"}a presents the relation between measurable DAPs and the large number of coupling photons.Fig. 3(Color online) The DAPs versus the number of coupling photons for WFA (*solid blue line*) and exact (*dashed red line*) methods; **a** for the large number of coupling photons, the WFA and exact methods are very similar, **b** for the large number of coupling photons, WFA and exact methods have a fine different result, **c** for the small number of coupling photons, WFA and exact methods have different results

Although Fig. [3](#Fig3){ref-type="fig"}a shows the same behaviour in the exact and WFA methods for a large number of coupling photons, there is a fine difference which is shown in Fig. [3](#Fig3){ref-type="fig"}b. But, Fig. [3](#Fig3){ref-type="fig"}c shows the difference between WFA and exact methods for the small number of coupling photons. In this condition, the exact method has more benefits than the WFA methods.

A considerable difference between the plots in Fig. [3](#Fig3){ref-type="fig"}b, c indicates that the exact method in the full-quantum model provides more correct photon numbers, even for a few number of coupling photons. Furthermore, measurement of absorption spectrum versus detuning of the probe field is a simpler method compared with other photon counting schemes. It is also a non-demolition method for weak probe fields.

Measuring squeezing of trapped coupling photons {#Sec4}
===============================================

Another application of the full-quantum interaction of two-mode photons with three-level Λ-type atoms is in measurement of squeezing parameter of coupling photons. Supposed the trapped coupling photons are squeezed $\documentclass[12pt]{minimal}
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In this case, the interaction Hamiltonian in the interaction picture is given by ("[Appendix](#Sec6){ref-type="sec"}") $$\documentclass[12pt]{minimal}
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Equation ([19](#Equ19){ref-type=""}) is similar to Eq. ([1](#Equ1){ref-type=""}) where $\documentclass[12pt]{minimal}
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The real and imaginary parts of the probe coherence term ([20](#Equ20){ref-type=""}) correspond to the dispersion and absorption of probe photons, as plotted in Fig. [5](#Fig5){ref-type="fig"}a, b (Fig. [5](#Fig5){ref-type="fig"}c, d) for large (small) numbers of squeezed coupling photons for different squeezing parameters. The dispersion and absorption spectra drastically depend on the squeezing parameter and number of coupling photons, but are independent from the squeezing phase $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta$$\end{document}$. Figure [4](#Fig4){ref-type="fig"}a, c show that the DAPs and detuning of dispersion peaks (DDPs) are nonlinearly increased by increasing the squeezing parameter *r*, which leads to applying the photon counting method for a squeezing measurement by measuring the DAPs or DDPs.Fig. 4(Color online) **a** Dispersion and **b** absorption for different squeezing parameters and the number of coupling photons is n~2~ = 100. **c** Dispersion and **d** absorption for different squeezing parameters for vacuum coupling field (squeezing parameters are r = 0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, 1.4, 1.6, 1.8, 2)

By taking a derivative of the imaginary and real part of Eq. ([20](#Equ20){ref-type=""}) and setting the results to zero, the DAPs and DDPs are obtained in terms of the number of coupling photons and their squeezing parameter. The DAPs and DDPs are plotted in terms of squeezing parameter for different numbers of coupling photons in Fig. [4](#Fig4){ref-type="fig"}a, c. DAPs and DDPs are more sensitive for larger squeezing parameter *r*. Furthermore, they are more sensitive to the squeezing parameter for a larger number of photons. Of course, it is important to note that *n*~2~ is not the average of coupling photons; but, it can be easily derived by $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{n}_{2} = \left\langle {n,\xi } \right|\hat{n}_{2} \left| {n,\xi } \right\rangle$$\end{document}$. Figure [5](#Fig5){ref-type="fig"}b and d demonstrate the DAP and DDPs in terms of the number states for different squeezing parameters. It is similar to Fig. [3](#Fig3){ref-type="fig"}a which is useful for the photon counting and shows that the DAP and DDPs are more sensitive to the small number states where $\documentclass[12pt]{minimal}
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                \begin{document}$$r = 0$$\end{document}$. This sensitivity is increased for a larger number states by increasing the squeezing parameter *r*. Therefore, number of coupling photons and their squeezing parameter can be obtained by measuring DAP and DDP of the absorption and dispersion spectra simultaneously. Some typical values of DAP and DDP are shown in Table [1](#Tab1){ref-type="table"} for different values of number of coupling photons and squeezing parameters. To measure the small number of photons or squeezing parameters, the accuracy of DAP and DDP measurements, according to the data in Table [1](#Tab1){ref-type="table"}, should be about 0.2 g. For the range of atomic transition frequencies, 10 MHz \< g \< 1 THz the accuracy should be at least 2 MHz which is larger than the new electro-optical modulator resolutions (about 1 MHz) (Veisi et al. [@CR32]).Fig. 5(Color online) **a** Variation of DAPs in terms of squeezing parameter for different number of coupling photons. **b** Variation of DAPs in terms of coupling photons for different values of squeezing parameters. **c** Variation of DDPs in terms of squeezing parameter for different number of coupling photons. **d** Variation of DDPs in terms of coupling photons for different values of squeezing parametersTable 1Different values of DAP ($\documentclass[12pt]{minimal}
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Conclusions {#Sec5}
===========

In this paper, the master equations of Λ-type three-level atom interacting with two-mode quantized electromagnetic field and its exact coherence term are applied to obtain the squeezed and non-squeezed coupling photons. The following results were obtained: (1) The method was applied for presenting a photon counting and a squeezing measurement method by measuring the absorption spectrum of the probe photons. (2) The difference between the exact and WFA photon counting methods and benefits of the exact method (especially for the weak coupling photons) were demonstrated. This sensitivity increased for the larger number of coupling photons by increasing the squeezing parameter. (3) It was shown that the photon counting method was more sensitive for the smaller number of coupling photons. (4) The present method for the measurement of squeezing was more sensitive for larger values of squeezing parameters. (5) The number of coupling photons and their squeezing parameter can be obtained simultaneously by measuring the DAP and DDP. (6) The photon counting method was non-demolition for the strong coupling photons.
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The Jaynes--Cummings Hamiltonian of a three-level Λ-type atom interacting with two mode quantized light in the interaction picture is given by Scully and Zubairy ([@CR31]):$$\documentclass[12pt]{minimal}
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If one of the quantized mode of coupling photons be squeezed the interaction Hamiltonian will be transformed by a squeezing operator as:$$\documentclass[12pt]{minimal}
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Because of the conservation of energy, the non-conservative terms, which contains $\documentclass[12pt]{minimal}
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